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Unit boundary length quantum disk:
a study of two different perspectives and their equivalence
Baptiste Cercle´∗
Abstract
The theory of the 2-dimensional Liouville Quantum Gravity, first introduced by Polyakov
in his 1981 work has become a key notion in the study of random surfaces. In a series of
articles, David, Huang, Kupiainen, Rhodes and Vargas, on the one hand, and Duplantier, Miller
and Sheffield on the other hand, investigated this topic in the realm of probability theory, and
both provided definitions for fundamentals objects of the theory: the unit area quantum sphere
and the unit boundary length quantum disk. In a recent article, Aru, Huang and Sun showed
that the definitions given in the case of the sphere coincide. We study here the two different
perspectives provided for the unit boundary length quantum disk and show that they define the
same probabilistic objects by considering two similar limiting procedures giving rise to them.
1 Introduction
1.1 Motivation and background
The study of Liouville Conformal Field Theory first appeared in Polyakov’s article [Pol81] in
which the author described a theory of summation over Riemannian metrics based on a path
integral approach. This work represents the starting point for the study of the so-calledQuantum
Gravity, which can be roughly described as a model for defining random metrics on surfaces with
fixed topology (see [Sei90] for instance). In more physical terms, the approach developed by
Polyakov allowed him to give a formulation of non-critical string theory along with a new model
for quantizing the space-time evolution of bosonic strings.
More generally, there are several ways to give a meaning to the notion of canonical random
surface, but the approaches developed should be in some sense equivalent, the object of study
being universal. These perspectives differ on many points, should they concern their means or
motivations. We will review here some of them that have become of special interest over the
past few years.
To begin with, the Liouville Conformal Field Theory has the special feature that the object
of study admits an explicit path integral formulation, defined according to the Liouville action:
in this context, a heuristic definition of a canonical random measure on a Riemann surface
relies on a generalization of Feynman path integrals to surfaces in the following sense. Consider
a Riemann surface D with boundary (possibly empty) ∂D, and g any Riemannian metric on
this manifold. Given a map X : D → R, one can define the Liouville action functional on the
Riemann surface S(X, g) by the (formal) expression
S(X, g) =
1
4pi
∫
D
(|∇gX |2 +QRgX + 4piµeγX)dλg +
∫
∂D
(QKgX + 2piµ∂e
γ
2X)dλ∂g (1)
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where the geometric terms Rg, Kg, dλg and dλ∂g are respectively the Ricci scalar curvature,
the geodesic curvature, the volume form and the line element in the metric g, while the physical
constants γ, Q, µ and µ∂ correspond to the Liouville coupling constant, the Liouville background
charge, and the cosmological constants. In this framework, the law of a canonical random field
φ on D should be described by
E [F (φ)] =
1
Z
∫
F (X)e−S(X,g)dX (2)
where dX would stand for “the Lebesgue measure” on a space of maps X : D → R, and
Z = ∫ e−S(X,g)dX is a renormalization constant, called the partition function. This random
field being defined, we can consider a random measure on the surface by taking dµ = eγφdλg.
While the theory in the physical perspective is rather well understood, the mathematical
study of these notions is relatively recent. Motivated by this physical background, David, Huang,
Kupiainen, Rhodes and Vargas in the series of articles [DKRV16], [DRV16] and [HRV18] were
interested in providing a rigorous construction in mathematical terms of the objects involved in
the physics literature.
To do so, they constructed the Liouville quantum field theory on some “canonical” Riemann
surfaces (the sphere, the disk and the torus) thanks to the introduction of a rigorous probabilistic
framework, featuring two fundamental objects of probability theory: the Gaussian Free Field
and the Gaussian Multiplicative Chaos.
Using this background, the field φ described by the Liouville action functional can be ex-
pressed in terms of the Gaussian Free Field (GFF in the sequel), which stands for “the canonical”
random distribution on D, and is in a certain sense an extension of the Brownian Motion where
the variable of time is no longer one-dimensional but now lives in a d-dimensional space. The
random measure then defined (formally) by the expression µ(dz) = eγφ(z)dλg(z) is called a
Gaussian multiplicative chaos (GMC in the sequel). However the latter expression is purely
heuristic, since the field φ is not defined pointwise. In order to provide a rigorous meaning to
this formal writing, one uses a procedure of approximation of this field by smooth functions and
then takes the limit of the corresponding measures (see [DS11] for instance).
In order to determine the exact form of the field, the authors in [DKRV16], [DRV16] and
[HRV18] followed the same approach in the three cases, that is to first define in rigorous terms
the partition function studied in the physics literature, provided that one works under the so-
called Seiberg bounds. It is then possible to give a meaning to the random field defined by
the renormalization of this partition function, which in turn gives rise to a random measure
µ(dz) = eγφ(z)dλg(z) on the surface which is heuristically the volume form associated to this
metric tensor, and is rigorously defined thanks to the procedure described above. This approach
allowed the authors to recover fundamental properties predicted by the physics literature, like for
instance the conformal Ward and BPZ identities in [KRV18b] or the DOZZ formula in [KRV18a].
On another perspective, Duplantier, Miller and Sheffield in their fundamental work [DMS14]
also provided definitions for similar objects, as suggested by Sheffield in [She16]. In the latter,
Sheffield defined according to a limiting procedure what he called the unit area quantum sphere
and the unit boundary length quantum disk along with other natural random quantum surfaces
such as quantum wedges and quantum cones and conjectured that these objects should be related
to the limit of uniform quadrangulations. In [DMS14], the authors provide a more explicit
construction of these objects in terms of Bessel processes, and study their relationship with
three key objects in the theory of random geometry: the Gaussian Free Field, the Schramm-
Loewner Evolutions and Continuum Random Trees. These links allow them to derive many
properties, among them the description of the scaling limit (in some sense) of a certain class of
random planar maps in terms of CLE-decorated Liouville Quantum Gravity.
These two perspectives differ on many points: first of all, the objects they consider do not
actually live in the same space. In the first three articles, the authors explicitly constructed
a random measure on a determined surface, after having picked three points which represent
the singularities of the measure. Conversely, the quantum disk and sphere are actually defined
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in terms of quantum surfaces in [DMS14], which are equivalence classes (modulo conformal
maps) of surfaces endowed with a random measure. More precisely, two pairs (D,h) (with D
a Riemann surface and h a distribution on D) and (D˜, h˜) are said to be equivalent when there
exists a conformal mapping ψ : D˜ → D such that h˜ = h ◦ ψ+Q log |ψ′| where Q = γ2 + 2γ . This
defines an equivalence relation on the set of pairs (D,h), and by doing so, the Liouville Quantum
Gravity on D defined by the distribution h (that is the pair of random measures µh = e
γhdλ
and νh = e
γ
2 hdλ∂) does not actually depend on the representative of the equivalence class, since
one has the property of change of variable as stated in [DS11, Proposition 2.1]: if we define a
field h˜ on D˜ by taking
h˜ = h ◦ ψ +Q log |ψ′| (3)
then the pair of random measures (µh˜, νh˜) on D˜ (defined in the same as µh and νh) have same
law as the pushforward under ψ−1 of the measures (µh, νh) on D. However showing that two
quantum surfaces are equivalent is in general not obvious.
On the one hand, the first approach allowed the authors to provide an explicit expression for
the law of the measures, but to do so they had to choose deterministically at least three points.
On the other hand, the second approach relies on a limiting procedure to construct the object
and for this construction is required to choose in a deterministic way only two points, the third
being picked at random.
A third definition for these objects could be to consider the quantum surface as the scaling
limit of natural diskrete random planar maps with the topology of this surface, an approach
followed first by Le Gall and Miermont in [LG13] and [Mie13] with the definition of the so-called
Brownian map, and then by Bettinelli and Miermont in [BM17] with the Brownian disk. In these
articles, the authors defined the Brownian surface as a metric space, without consideration
for the conformal structure, while the two perspectives we have studied so far construct a
conformal structure on the surface for which it was unclear that the natural metric it comes
with was well-defined. However in the series of article [MS15a], [MS15b] and [MS16], Miller and
Sheffield constructed a metric on their quantum surfaces (the QLE-metric) and showed that
their definitions coincide with the one given for the Brownian surfaces in the special case where
γ =
√
8
3 . Extending the definition of the metric to the whole range of γ ∈ (0, 2) has been
achieved very recently (see [DDDF19] and [GM19]).
In the perspective of unifying different approaches, a recent article [AHS17] by Aru, Huang
and Sun showed that the two definitions given for the unit area quantum sphere define the same
quantum surface. However the same result has not been proved yet in the case of the disk. This
is the main result of this article.
Before moving on to the statement of the result, let us first give one application of this result
in the realm the probabilty theory. In a work by Gwynne, Remy and Sun (in preparation),
this result shows that the law of the bulk area of the unit boundary length quantum disk
computed following the approach by Huang, Rhodes and Vargas and the one Duplantier, Miller
and Sheffield are actually the same. This allows the authors to compute the value of the variance
of the correlated Brownian Motion encoding for instance the so-called mated CRT-map, which
is an important point in the study of the scaling limit of Uniform Infinite Planar Triangulations
along with many others models associated with Random Planar Maps.
Acknowledgements I am very grateful to J. Miller for having suggested this problem to
me, as well as for many helpful discussions and relectures. I am also thankful to E. Gwynne
and G. Remy for having provided additional motivation for the problem. I would also like
to thank the Statistical Laboratory of the Centre for Mathematical Sciences in Cambridge for
the support and hospitality provided while this problem was being investigated, as well as the
organisers of the program RGM Follow Up that took place in the Isaac Newton Institute for
Mathematical Sciences, Cambridge, during which I have been able to improve my understanding
of the different perspectives.
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1.2 Statement of the equivalence and strategy of proof
To give a precise statement of our main result, it is necessary to define precisely the two objects
we will focus on in the sequel. Hence we fix a constant parameter γ ∈ [0, 2) throughout the rest
of this subsection, and work in the unit disk D.
In the first construction, one starts by choosing pairs (α1, z1), ..., (αn, zn) in R × D and
(β1, s1), ..., (βr, sr) in R×∂D and construct a random field hL, which is a GFF to which we have
added the corresponding log-singularities
−
n∑
i=1
αi log (|z − zi||1− zz∗i |)−
r∑
j=1
βj log |z − sj |
Using this field, we define a pair of random measures on D (called the bulk measure) and ∂D
(called the boundary measure) thanks to the theory of GMC by taking (formally) µhL(dz) =
eγhLλ(dz) and νhL(dz) = e
γ
2 hLλ∂(dz), where λ and λ∂ are the Lebesgue measure on D and ∂D.
Once these random measures are well-defined (which occur provided one works with the Seiberg
bounds(10)), we look at an appropriate renormalisation of these measures and change the law
of the field by considering it under a weighted probability measure.
When we consider the special case where we have chosen three log-singularities of value γ located
in the boundary of the disk, we will refer to the pair of random measures thus constructed
as the unit boundary length quantum disk with three log-singularities, which we will denote
(µUBLHRV, ν
UBL
HRV). The precise definition of this object will be more developed in 3.1.
Let us now turn to the second perspective. Recall the definition provided for the notion of
quantum surfaces as a class equivalence of pairs (D,h) modulo conformal maps, with the rule
of change of variable given by (3). Likewise we define an equivalence relation with k marked
points (x1...xk) ∈ Dk and (y1...yk) ∈ D˜k by requiring besides that ψ(yi) = xi for any 1 ≤ i ≤ k:
a class equivalence of such (k + 2)-tuples is called a quantum surface with k marked points.
Here, the unit boundary length quantum disk is a random quantum surface with three marked
points, which has the law of (D, h,−1, 1, z3) where h is a random distribution on D constructed
thanks to an encoding with Bessel processes and z3 is sampled on the boundary of D from the
measure νh, where we have defined (µh, νh) = (e
γh(z)λ(dz), e
γ
2 h(z)λ∂(dz)). We will refer to the
law of this quantum surface as the unit boundary length quantum disk with three marked points.
Again, the precise definition of this object will be explained in more details in 3.2.
In order to state an equivalence between these two objects, we can notice that for any three
distinct points (z1, z2, z3) on the boundary of the disk, there is a unique representative of the unit
boundary length quantum disk whose marked points are (z1, z2, z3), which we call an embedding
of the unit boundary length quantum disk with marked points (z1, z2, z3). We denote the law
of the measures obtained in this embedding (µUBLDMS , ν
UBL
DMS).
We are now ready to state our main result:
Theorem 1.1 (Equivalence of the perspectives).
Consider D to be the unit disk and let (z1, z2, z3) be distinct points on its boundary. Let
(µUBLHRV , ν
UBL
HRV ) be the unit boundary length quantum disk with log-singularities (γ, γ, γ) located at
(z1, z2, z3). Likewise consider (µ
UBL
DMS , ν
UBL
DMS) to be the unit boundary length quantum disk with
three marked points embedded into D so that the marked points are (z1, z2, z3).
Then (µUBLHRV , ν
UBL
HRV ) and (µ
UBL
DMS , ν
UBL
DMS) have same law.
In [BSS14], Berestycki, Sheffield and Sun proved that the measure constructed from a field
which is locally mutually absolutely continuous with respect to a GFF actually determines the
field from which it has been defined. Briefly after the statement of the main result ([BSS14,
Theorem 1.1]) of the article, the authors claim that it can be applied in the two contexts we
have exposed. This allows us to give a similar statement in terms of the underlying fields, and
therefore in terms of quantum surfaces.
Corollary 1.2 (Equivalence of the perspectives, alternative formulation).
Consider D to be the unit disk and let (z1, z2, z3) be distinct points on its boundary. Let hL =
4
h0−
3∑
i=1
γ log |z− zi| where h0 is a Gaussian Free Field on D with free boundary conditions and
mean zero on ∂D, and let h∗ to be the law of the field hL − 2γ log νhL(∂D) under the weighted
probability measure ∝ νhL(∂D)
2Q−3γ
γ dP. Then the quantum surface (D, h∗, z1, z2, z3) has the law
of the unit boundary length quantum disk with three marked points.
Remark 1.2.1. It was shown in [HRV18] that the weighted probability measure∝ νhL(∂D)
2Q−3γ
γ dP
was indeed well-defined, since the random variable νhL(∂D) has positive moments up to the
threshold 2γ (Q− γ).
Moreover, substracting the term 2γ log νhL(∂D) to the field hL means that the boundary
measure will be then renormalised to have total length set to 1.
The two constructions that we have given are rather different, and in most cases it is not
obvious that two laws on fields h induce equivalent quantum surfaces. However, let us give some
intuition of why such a result may be true: First of all, the choice of three marked points on its
boundary fixes a conformal structure on the disk, but still all the disks with three marked points
on the boundary are conformally equivalent, which is no longer true if we choose four or more
marked points on its boundary. Secondly, these two objects are both related to scaling limits
of some Random Planar Maps models for the whole range of γ ∈ (0, 2): for instance to random
quadrangulations with the topology of the disk for the special value of γ =
√
8
3 , as stated in
[HRV18, section 5] and [She16, Section 6].
The structure of the article can be described as follows. To begin with, we provide the
analytical and probabilistic background necessary in the sequel. We then study the two different
perspectives and highlight a limiting procedure from [DMS14] leading to the unit boundary
length quantum disk with three marked points. We then show that a slight modification of this
procedure gives in the limit the unit boundary length quantum disk with three log-singularities,
and that the two limiting laws are actually the same by noticing that the perturbation becomes
negligible in the limit.
2 General setting and definitions
In this section we expose briefly the objects we will work with in the sequel.
Without loss of generality we consider the general situation in which we are given D a domain
in C with boundary ∂D, possibly empty, and which we will assume to be conformally equivalent
to a line. Eventually we denote by λ, λ∂ the Lebesgue measures on D, ∂D.
2.1 Analytic background
2.1.1 Sobolev spaces
In the rest of the article, we will work on the general functional spaces defined below.
We start by considering the case where D is different from the whole plane, and define Hs(D)
to be the set of smooth functions f : D → R with compact support included in D (we refer to
these as Dirichlet or zero boundary conditions). Likewise H∂(D) is the set of smooth functions
with mean zero on the boundary of D (also known as Neumann or free boundary conditions).
We endow these spaces with the Dirichlet inner product (·, ·)∇ defined by
(f, g)∇ =
1
2pi
∫
D
(∇f(z) · ∇g(z))λ(dz) (4)
which has the fundamental property to be invariant under conformal mapping in dimension 2.
Then we denote by H(D) and HN(D) the Hilbert space completion of Hs(D) and H∂(D).
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We can also define HM(D) for mixed boundary conditions, by taking the Hilbert space comple-
tion of the set Hm(D) of smooth functions with compact support included in D ∪ L and mean
zero on L, where L is a part of ∂D (which we assumed to be conformally equivalent to a line).
In the case of the whole plane, we follow the definition from [MS17], by working in the
completion of the set of smooth functions with compact support and zero mean on C endowed
with the Dirichlet inner product.
In the sequel we will denote by PD the set of probability measures of the form ρ(z)λ(dz) on
D (the set of ”background measures”), and for any ρ in PD and f in one of the Hilbert spaces
mρ(f) =
∫
D
f(z)ρ(z)λ(dz) (5)
We will also denote mρ0(f) = m∂D(f) =
1
|∂D|
∫
∂D f(z)λ∂(dz) (identically zero if the boundary
is not bounded).
2.1.2 Orthogonal decompositions of the Sobolev spaces
It is a well-known fact that we have a Markov property for the GFF, in the sense that an orthog-
onal decomposition of the Sobolev spaces described above provides a similar decomposition for
the associated GFF. In the sequel we will make use of the following orthogonal decompositions
of the Sobolev spaces.
ConsiderD = H the upper half-plane and H(D) = HN (D) the Sobolev space with free boundary
conditions on ∂H.
Proposition 2.1 (Radial-angular decomposition).
Let Hang(D) = {f ∈ H(D) with mean zero on every semi-circle ∂B(0, r) ∩H} and
Hrad(D) = {f ∈ H(D) constant on every semi-circle ∂B(0, r) ∩H}.
Then H(D) = Hang(D)⊕Hrad(D).
Proof. First of all, on the one hand, for f ∈ H1(D) and g ∈ H2(D) we have that ∇g(z) is
orthogonal to the semi-circle of radius |z| and its modulus only depends on |z|, so its mean value
on the semi-circle is vertical. On the other hand, the mean value of ∇f(z) on this semi-circle is
horizontal. Since taking the Dirichlet inner product of f and g consists of summing the scalar
product of these mean values, we see that (f, g)∇ = 0. Now, f ∈ H(D) can be written as the
(orthogonal) sum f = (f − g) + g, where g(r) = m∂B(0,r)∩H(f).
Proposition 2.2 (Circle-average decomposition).
For R > 0, let D be the semi-disk RD∩H and Hm(D) with free (resp. zero) boundary conditions
on [−R,R] (resp. ∂B(0, R)∩H). For any 0 < r < R, let Hc(D) = {f ∈ Hm(D) with mean zero
on the semi-circle ∂B(0, r) ∩H} and Hξ(D) = Rξr, where
ξr(z) = −2 log(max(r, |z|)) + 2 logR
Then Hm(D) = Hc(D)⊕Hξ(D).
Proof. Denote by ρr =
1
|∂B(0,r)∩H|1∂B(0,r)∩H the uniform (probability) measure on the semi-
circle ∂B(0, r) ∩H. We know from [DS11, Subsection 6.1] that for any element φ of Hm(D) we
have (φ, ξr)∇ = (φ, ρr), and (ξr, ξr)∇ = 2 logR.
Therefore for any f ∈ H1(D) we have (f, ξr)∇ = (f, ρr) = 0, so any f ∈ Hm(D) can be written
as the (orthogonal) sum f = (f − λξr) + λξr, where λ = 1
2 logR
∫
∂B(0,r)∩H
f .
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2.1.3 Green’s kernel
On the domain D, consider one of the previous functional spaces Ha(D)(either Hs(D), H∂(D)
or Hm(D)) and HA(D) to be its Hilbert space completion. We define the Green’s kernel GD
associated to the functional space HA(D) to be the unique symmetric kernel with the properties
that:
• For any f in Ha(D) and x in D:∫
D
(G(x, y)(−∆)f(y)) λ(dy) = 2pi (f(x)−m∂D(f))−
∫
∂D
G(x, y)∂nf(y)λ∂(dy) (6)
• For any x in D, the map z 7→ GD(x, z) satisfies the same property that the elements of
HA(D) (e.g. zero boundary condition for the Dirichlet problem, m∂D(GD(x, ·)) = 0 for
Neumann boundary conditions, mD(GD(x, ·)) = 0 for the whole plane)
Such a kernel indeed exists and is characterized (in the case of free boundary conditions) as
the unique symmetric solution of the following Neumann problem:
For any y ∈ D, x 7→ G(x, y) has the properties of:
• harmonicity on D \ {y}
• harmonicity on D of x 7→ G(x, y) + log |x− y|
• ∂nGD(x, y) = − 2pi|∂D| for x ∈ ∂D (0 if the boundary is unbounded), where ∂n is the normal
derivative.
• mean zero on ∂D
Note that there are no issues on the boundary since we have assumed that it could be conformally
mapped to a line.
In some cases, this kernel is explicitly known:
• GD(x, y) = − log |x− y| for the Riemann sphere C ∪ {∞}
• GD(x, y) = − log (|x− y||1− xy∗|) for the unit disk D andGH(x, y) = − log (|x− y||x− y∗|)
for the upper half-plane H (both with free boundary conditions).
In the same spirit, we introduce a larger set of Green’s kernel by requiring it to have mean
zero on D or ∂D under a different metric. To do so, we define for any ρ ∈ PD
GρD(x, y) = GD(x, y)−mρ(GD(x, ·))−mρ(GD(·, y)) + θρ (7)
with θρ =
∫∫
D×D ρ(x)GD(x, y)ρ(y)λ(dx)λ(dy) chosen so that mρ(G
ρ
D(x, ·)) = 0 for any x in D.
2.2 Probabilistic background: Gaussian Free Field and Gaussian Mul-
tiplicative Chaos
2.2.1 Gaussian Free Field
Roughly speaking, the GFF is a d time-dimensional analog of the Brownian Motion, which can
be seen both as a random distribution over a domain D and a Gaussian Hilbert space. Following
the approach of Janson in [Jan97], we define the Gaussian Free Field with Dirichlet, Neumann
or mixed boundary conditions as the Gaussian Hilbert space whose random variables are the
(h, f)∇ for f in H , where H = H1(D) is one of the Hilbert spaces H(D), HN (D) or HM (D),
with the property that these random variables are Gaussian with mean zero and covariance
function given by cov((h, f)∇, (h, g)∇) = (f, g)∇.
It is important to notice that in the case of free boundary conditions as well as in the case
of the whole plane, the GFF is defined modulo an additive constant. In order to set the value
of this constant we denote for ρ in PD by hρ the GFF on D such that (h, ρ) = 0.
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For more details on the definition and properties of this object we refer to [She07], [Ber15]
and [DS11]. Important ones, following from its definition, are its invariance under conformal
mapping (which follows from the corresponding property of the Dirichlet inner product) and
a Markov property to decompose the GFF into independent Gaussian components. Besides, a
crucial property of the GFF is that this random distribution can give rise to a randommeasure on
D, called the Liouville Quantum Gravity measure. This random metric can formally be written
under the form eγh(z)λ(dz), however, as h is a distribution and cannot be defined pointwise, we
will use an approximation process to make this definition precise.
2.2.2 Regularization of the GFF: circle averages
Consider h0 to be a GFF on D (with one of the three boundary conditions).
For z in D or in a linear part L of ∂D, we would like to define for ε > 0 small enough hε0(z) its
mean value on the circle/semi-circle ∂B(z, ε)∩D. This random variable is actually well-defined,
since this mean value can be written under the form (h, ζεz )∇ for some ζ
ε
z in H (see for instance
[DS11, Section 3]). For the sake of completeness, we provide here the explicit construction in
the case of a semi-circle in the the upper half-plane, since we will use it in the sequel: Let h0 be
a GFF with free (resp. zero) boundary conditions on [−R,R] (resp. ∂B(0, R) ∩H). For r < R,
let ρr and ξr be as in Proposition 2.2. Then by integration by parts we have (h0, ρr) = (h0, ξr)∇,
so we can define the semi-circle average of h over ∂B(0, r)∩H. This random variable is therefore
Gaussian with mean zero and variance (ξr, ξr)∇ = 2 log Rr .
2.2.3 Gaussian Multiplicative Chaos and Liouville Quantum Gravity
We are now ready to define for γ ∈ [0, 2) the so-called Liouville Quantum Gravity measures on
D and ∂D according to the following result:
Theorem 2.3. Let γ ∈ [0, 2) and h0 be as before, hε0(z) to be the ε-circle average around z if
B(z, ε) ⊂ D, and the semi ε-circle average around z if z is in a linear part L of ∂D.
Then the sequence of random measures on D×L defined by
(
εγ
2/2eγh
ε
0(z)λ(dz), εγ
2/4e
γ
2 h
ε
0(z)λ∂(dz)
)
converges almost surely in the sense of weak convergence of measures as ε goes to zero (along
the negative power of two). We denote their limit by µh0(dz) = e
γh0λ(dz) and νh0(dz) =
e
γ
2 h0λ∂(dz).
If D is a domain with non-linear boundary but can conformally be mapped to a domain D˜ with
linear boundary, we define its boundary measure to be the pushforward of the boundary measure
of D˜.
The proof of this classical result can be found for instance in [DS11].
More generally, we can define in the same way, following the approach developed in [HRV18]
the Liouville Quantum Gravity in the disk D, which is done by considering a field constructed
as follows. Choose pairs (α1, z1), ..., (αn, zn) in R×D and (β1, s1), ..., (βr , sr) in R× ∂D,
and define for any ρ ∈ PD
hL(ρ) = hρ +Qmρ(GD(z, ·)) +Hρ(z) (8)
where
Hρ(z) =
n∑
i=1
αiG
ρ
D(z, zi) +
r∑
j=1
βj
2
GρD(z, sj) (9)
When considering such a field we set s =
∑n
i=1 αi +
∑r
j=1
βj
2 −Q.
For γ ∈ [0, 2) we then denote µhL(ρ) = eγhL(ρ)dλ and νhL(ρ) = e
γ
2 hL(ρ)dλ∂ the Gaussian
Multiplicative Chaos associated to (α1, z1), ..., (αn, zn) and (β1, s1), ..., (βr, sr), defined according
to a similar limiting procedure as in Theorem 2.3. See for instance[Kah85] or [RV16] for a
justification of the construction of such an object thanks to the theory of GMC.
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3 A review of the two perspectives
In this third section, we review the two definitions of the unit boundary length quantum disk
provided in [HRV18] and [DMS14] and shed light on some of their properties that will be
useful for our purpose. In particular we will highlight a limiting procedure leading to the unit
boundary length quantum disk with three marked points which is the starting point to showing
the equivalence between these two perspectives.
3.1 An approach motivated by the physics literature
According to what has been said in the first section, the definition provided by Huang, Rhodes
and Vargas in [HRV18] comes from an interpretation of the path integral approach thanks to
the introduction of probabilistic objects.
3.1.1 Partition function
The starting point of their approach is to provide a rigorous meaning to Liouville action func-
tional
E [F (φ)] =
1
Z
∫
F (X)e−S(X,g)dX
S(X, g) =
1
4pi
∫
D
(|∇gX |2 +QRgX + 4piµeγX)dλg +
∫
∂D
(QKgX + 2piµ∂e
γ
2X)dλ∂g
The geometric term e−
1
4pi
∫
D
|∇gX|2dλg in the action functional corresponds to the partition func-
tion of the two-dimensional GFF: it is therefore natural to interpret the measure e−
1
4pi
∫
D
|∇gX|2dλgdX
as the probability measure with respect to some GFF. However the partition function of the
theory is not well-defined and requires the insertion of conical singularities to the field. This is
done as follows:
Consider a pair of cosmological constants (µ, µ∂) ∈ R+×R+\{(0, 0)}, and pairs (α1, z1), ..., (αn, zn)
in R × D and (β1, s1), ..., (βr , sr) in R × ∂D as before. By considering functionals to which we
have added insertion operators Vα(x) := e
αφ(x), we introduce the partition function for the
Liouville field in the unit disk, which takes the form:
Π(z,α),(s,β)γ,µ,µ∂ (F ) =
1
Z
∫
R
escE
[
F (hL(ρ) + c) exp
(
−µeγcµhL(ρ)(D)− µ∂e
γ
2 cνhL(ρ)(∂D)
)]
dc
where we have considered the field hL(ρ) as in the previous section and have chosen the back-
ground measure to be ρ0 the uniform probability measure on the boundary of the disk. As in
the introduction, the renormalisation constant is defined by
Z =
∫
R
escE
[
exp
(
−µeγcµhL(ρ)(D)− µ∂e
γ
2 cνhL(ρ)(∂D)
)]
dc
It is shown by the authors that this partition function is indeed well-defined provided that the
Seiberg bounds are satisfied:
• if µ > 0:
s > 0; for any 1 ≤ i ≤ n, αi < Q; for any 1 ≤ j ≤ r, βj < Q (10)
• if µ = 0:
s > 0; for any 1 ≤ j ≤ r, βj < Q (11)
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3.1.2 Law of the Liouville field and measures
Under these assumptions, the Liouville field is the field whose law is given by the renormalisation
of the previous expression:
E(z,α),(s,β)γ,µ,µ∂ [F (φ)] :=
Π
(z,α),(s,β)
γ,µ,µ∂ (F )
Π
(z,α),(s,β)
γ,µ,µ∂ (1)
Following a similar approach as described in the introduction, this field then gives rise to a
pair of random measures (M,M∂) on (D, ∂D)(corresponding to GMC measures associated to
φ), with law described by an equation of the form (see [HRV18, Subsection 3.6]):
E(z,α),(s,β)γ,µ,µ∂
[
F (M,M∂)
]
=
1
Z
∫ +∞
0
y
2s
γ −1E
[
F (y2
µhL
νhL(∂D)
2
, y
νhL
νhL(∂D)
) exp(−µy2 µhL(D)
νhL(∂D)
2
− µ∂y)νhL(∂D)−
2s
γ
]
dy (12)
In particular we have the following properties:
• if µ∂ = 0 (so µ > 0), then M(D) has law Γ(− sγ , µ) and is independent of (µUAHRV , νUAHRV )
defined by (M,M∂) conditioned on M(D) = 1. Besides the law of (µUAHRV , ν
UA
HRV ) is given
by
E(z,α),(s,β)γ,µ,µ∂
[
F (µUAHRV , ν
UA
HRV )
]
=
E
[
F (
µhL
µhL (D)
,
νhL
µhL (D)
1/2 )µhL(D)
− sγ
]
E
[
µhL(D)
− sγ
] (13)
• if µ = 0 (so µ∂ > 0), thenM∂(∂D) has law Γ(− 2sγ , µ∂) and is independent of (µUBLHRV , νUBLHRV )
defined by (M,M∂) conditioned onM∂(∂D) = 1. Besides the law of (µUBLHRV , ν
UBL
HRV ) is given
by
E(z,α),(s,β)γ,µ,µ∂
[
F (µUBLHRV , ν
UBL
HRV )
]
=
E
[
F (
µhL
νhL (∂D)
2 ,
νhL
νhL (∂D)
)νhL(∂D)
− 2sγ
]
E
[
νhL(∂D)
− 2sγ
] (14)
It is therefore natural to define the law of the unit area (resp. boundary length) quantum disk
with log-singularities (α1, z1), ..., (αn, zn) and (β1, s1), ..., (βr, sr) to be the law of (µ
UA
HRV , ν
UA
HRV )
(resp. (µUBLHRV , ν
UBL
HRV )) described by the equation (13) (resp. (14)). The most important case,
which is the one that we will consider in the sequel, corresponds to taking three critical singu-
larities located on the boundary of the disk, e.g. we consider three insertion points (1, γ), (i, γ)
and (−1, γ).
When we consider another domain D˜ which is conformally equivalent to D under ψ, we
define the Liouville measures to be the pushforwards of the corresponding measures on D by
ψ. Notice that this definition is consistent when we consider Mo¨bius transforms of the disk, as
stated in [HRV18, Theorem 3.5].
Remark 3.0.1. It is shown in [HRV18] that these measures can actually be defined under the
following weaker assumptions:
s < min(
2
γ
, 2(Q− αi), Q − βj) and for any 1 ≤ i ≤ n and 1 ≤ j ≤ r, αi < Q and βj < Q (15)
for the unit area quantum disk and
s < min(
2
γ
,Q− βj) and for any 1 ≤ j ≤ r, βj < Q (16)
for the unit boundary length quantum disk.
It is also interesting to notice that thanks to similar constructions, it is possible to define
the unit area quantum surface for the sphere ([DKRV16]) and the torus ([DRV16]).
In the next subsection we provide some properties of these Liouville measures, which are
direct consequences of the definitions given.
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3.1.3 First properties of the Liouville measure
At first, we are interested in the change of coordinates associated to a conformal change of
domain which would preserve the law of the unit area Liouville measure.
We provide the following proposition as a reminder of the formula 3.
Proposition 3.1 (Conformal change of domain).
Assume that hL is associated to a GMC with log-singularities (α1, z1), ..., (αn, zn) and (β1, s1), ..., (βr , sr),
and that ψ : D˜ → D is a conformal change of domain.
Then the law of the Liouville measure with log-singularities (α1, z1), ..., (αn, zn) and (β1, s1), ..., (βr, sr)
on D˜ can be defined according to the previous expression by replacing hL with hL ◦ψ+Q log |ψ′|
and D with D˜.
The definition provided above for the unit boundary length quantum disk has been done
in terms of the GMC determined by hL(ρ0) under the weighted probability measure dPρ0 =
νhL(ρ0)(∂D)
−2s/γ
E[νhL(ρ0)(∂D)−2s/γ ]
dP, where ρ0 was the uniform probability measure on the disk. The following
statement shows that the choice made to define hL(ρ) is actually the good one when considering
a change of background measure:
Proposition 3.2 (Change of background measure).
The random variables hL(ρ) − 2γ log νhL(ρ)(∂D) under the weighted probability measures dPρ =
νhL(ρ)(∂D)
−2s/γ
E[νhL(ρ)(∂D)
−2s/γ]
dP have same law for any ρ in PD, provided that E
[
νhL(ρ)(∂D)
−2s/γ] <∞.
Proof. Let ρ ∈ PD and write hL(ρ) = hL(ρ0) − (h, ρ− ρ0) + gρ, where
gρ(z) = Qmρ(GD(z, ·)) +
n∑
i=1
αi(G
ρ
D(z, zi)−GD(z, zi)) +
r∑
j=1
βj
2
(GρD(z, sj)−GD(z, sj))
Then hL(ρ)− 2γ log νhL(ρ)(∂D) under Pρ has same law as hL(ρ0)+gρ− 2γ log νhL(ρ0)+gρ(∂D) under
the probability measure dP˜ρ0 ∝ exp(s(h, ρ− ρ0))dPρ0 .
We assume for now that hL(ρ) has been defined in order to have
s(h, ρ− ρ0) = −(h, gρ)∇
Therefore by the Cameron-Martin theorem this is tantamount to shifting the law of hL(ρ0) by
an additive term −gρ, which allows us to conclude the proof.
Now let us turn to the proof of the claim. For any φ in Ha(D) we have:
2pi (φ,mρ(GD(z, ·)))∇ = (−∆φ,mρ(GD(z, ·)) +
∫
∂D
∂nφ(y)mρ(GD(·, y))λ∂(dy)
by the integration by parts formula, and then using Fubini identity and the property (6) of the
Green’s function yields
=
(
ρ, 2pi(φ(·) −m∂D(φ)) −
∫
∂D
G(·, y)∂nφ(y)λ∂(dy)
)
+
∫
∂D
∂nφ(y)mρ(GD(·, y))λ∂(dy)
= 2pi(φ, ρ− ρ0)
Since −s = Q−∑αi −∑ βj/2, summing the corresponding terms in gρ yields the result.
In the sequel we will simply write hL for hL(ρ) regardless of ρ since we will work under such
probability measures.
It is also interesting to notice that this statement actually applies in a broader context if we
replace D by any Riemann surface, provided that we have defined s consistently and considered
the good renormalising constant in front of the log.
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3.2 The mating-of-trees approach
In this subsection we present the approach developed in the article [DMS14] by Duplantier,
Miller and Sheffield to define the unit boundary length quantum disk as an equivalence class of
random surfaces.
Instead of being motivated by the physics literature, these definitions take place in an ab-
stract environment and are particularly interesting thanks to their strong connections with other
probabilistic objects like SLEκ curves or continuum random trees. Like before, we fix a constant
γ ∈ [0, 2) throughout this subsection.
3.2.1 Definitions
We have already defined in the introduction the notion of quantum surface with k marked points
as a class equivalence of (k + 2)-tuples. Using this notion, we are now ready to introduce the
definition of the unit boundary length quantum disk provided in [DMS14], which relies on an
encoding using Bessel processes (see [RY91], [GJY03] or [DMS14, Subsection 3.2] for details on
these objects).
The sketch of this encoding is the following one:
1. Consider a ”canonical surface” like the strip S = R× [0, pi], along with two marked points
located at ±∞.
2. Decompose its Sobolev space into a Hilbertian sum of radial functions and functions with
zero-mean on each vertical line. Thus describing a distribution on S is tantamount to
giving its components on these two spaces.
3. For the radial part, consider 2γ log e where e is a Bessel excursion of dimension 3 − 4γ2
parametrised so that 2γ log e has quadratic variation 2du.
4. For the zero-vertical-mean part, take the projection of an independent free boundary GFF.
Denote the corresponding law of the field by M. We define the unit boundary length quantum
disk with two boundary marked points by considering the law on quantum surfaces described by
(S, h˜,−∞,+∞), where h˜ has the law ofM conditioned on νh˜(∂S) = 1. Eventually we define the
unit boundary length quantum disk with three marked points to be the law on quantum surfaces
described by (S, h˜, w,−∞,+∞), where w is sampled according to νh˜, which is the (random)
boundary measure obtained from the field associated with the unit boundary length quantum
disk with two marked points.
In the definition of the quantum disk with two marked points, we see that we still have
one degree of Mo¨bius freedom given by the horizontal translation along the real line. As a
consequence we will say that we fix an embedding for the quantum surface when we choose an
horizontal shift and consider the law of the Liouville Quantum Gravity measures obtained by
taking the representative of (S, h˜,−∞,+∞) according to this translation. It will be convenient
in the sequel to work in the maximal embedding, where the maximum of the radial part of the
field is attained at zero.
A similar definition can also be found in [DMS14] for the unit area quantum sphere.
3.2.2 Important properties
We start by providing important limiting procedures which give a construction of the unit
boundary length quantum disk in terms of limits of GFF. For the sake of completeness, we
provide here a sketch of the limiting procedure given in [DMS14, Proposition A.1]:
• For positive c and ε, let hC,ε be a GFF on D∩H with zero (resp. free) boundary conditions
on ∂D ∩H (resp. L := D ∩ ∂H) conditioned on {νhε(L) ∈ [eC , eC(1 + ε)]}.
• Sample w from the boundary measure νhC,ε and map (H, w,∞) to (S,∞,−∞). Denote
by h˜C,ε the field obtained on S using the usual rule of change of coordinates, and choose
any horizontal translation on S in order to fix an embedding for the quantum surface.
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• The Liouville measures associated to the field h˜C,ε − 2γC then converges weakly in law to
that of the unit boundary length quantum disk with two marked points (∞,−∞) on S as
C →∞ and then ε→ 0 embedded according to the chosen translation.
Notice that we can give a meaning to a distribution on D given h0 defined on a subdomain
D0 of D by extending it to zero on the complementary of D0 in D: this justifies the previous
statements. In the sequel we will implicitly make use of this convention.
The following procedure is a simplified one, which consists in considering that the w randomly
sampled in the second step of the construction is instead chosen in a deterministic way to be
zero.
Proposition 3.3 (Limiting procedure for the unit boundary length quantum disk with two
marked points).
Let h0 be a GFF on D∩H with zero (resp. free) boundary conditions on ∂D∩H (resp. D∩∂H).
Assume that Cε goes to +∞ as ε goes to zero, define
hε = h0 − γ log |z| − Cε
and condition on the event {νhε(L) ∈ [e−γδ, eγδ]} .
Then the law of the quantum surface (H, hε, 0,∞) converges to the law of the unit boundary
length quantum disk with two marked points (0,∞) as ε→ 0 and δ → 0.
Proof. The law of the quantum surface (H, hε, 0,∞) is the same as the law of the quantum
surface (S, h˜ε,+∞,−∞) using the conformal mapping z 7→ eipi−z, where
h˜ε = h˜0 + (γ −Q)Re(·)− Cε
and h˜0 is a GFF on S+ = [0,+∞) × [0, ipi] with zero (resp. free) boundary conditions on
{0}× [0, ipi] (resp. (0,+∞)× {0, ipi}). We are precisely in the setting of the end of the proof of
[DMS14, Proposition A.1]. Pulling back to H with z 7→ ipi − log z yields the result.
We can also find a similar result for the unit area quantum sphere in [AHS17, Proposition
2.14], derived from the one given in [DMS14, Proposition A.11].
We now give the following similar approximation proposition, which describes the limiting
procedure for the unit boundary length quantum disk with three marked points that we will
work with in the rest of the article.
Proposition 3.4 (Limiting procedure for the unit boundary length quantum disk with three
marked points).
Consider H to be the upper half-plane, and denote Dε = 1√
ε
D ∩H.
Consider hε0 to be a GFF on D
ε with zero (resp. free) boundary conditions on ∂B(0, 1√
ε
) ∩ H
(resp. [− 1√
ε
, 1√
ε
]), GDε the Green’s kernel associated to this problem and the field on D
ε
hε = hε0 +
1
2
(2Q− γ) log ε+ γ
2
GDε(z, 0)
Condition on the event Eεδ (∂H) = {νhε(∂H) ∈ [e−γδ, eγδ]}, sample wε on 1√εD ∩ ∂H according
to the law of νhε and conformally map (0, w
ε,∞) to (0, 1,∞) with a Mo¨bius transform of H.
Then, when we let ε → 0 and then δ → 0, the corresponding Liouville Quantum Gravity mea-
sures converge weakly in law to that of the unit boundary length quantum disk with three marked
points embedded in H so that the three marked points are (0, 1,∞).
Before dealing with the proof, we shed light on an useful property of scaling of the Green’s
functions of the domains Dε with zero (resp.free) boundary conditions on B(0, 1√
ε
) ∩ H (resp.
[− 1√
ε
, 1√
ε
]). Indeed, by reflection principle one has:
GDε(x, y) = − log |x− y||x− y|| 1ε − xy|| 1ε − xy|
+ log ε = GD(x, y)− log ε+ rε(x, y) (17)
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where for any y ∈ H, rε(·, y) is harmonic and converges uniformly on every compact to zero as
ε→ 0.
Proof. When we apply the conformal map z 7→ √εz on Dε the law of the pushforwarded
Liouville measures are the same as the ones on D ∩H given by the field
hε = h0 +
3
2
(Q − γ) log ε− γ log |z|
since GDε(z, 0) = −2 log |z|− log ε. Letting Cε be 32 (Q− γ)− log ε (which goes to +∞ as ε goes
to zero since Q − γ > 0), the previous result yields that (µhε , νhε) converges weakly in law to
(µDMS , νDMS) with two boundary marked points (0,∞).
Therefore in the maximal embedding described above, if we work on S and sample wε under
νhε and likewise sample w according to νDMS , we can find a coupling (thanks to Skorokhod’s
representation theorem) between these variables such that the measures converge almost surely
and lim
ε→0
|wε − w| = 0 in probability.
Hence conformally mapping wε to 1 and taking the limit gives the law of the unit boundary
length quantum disk embedded in H so that the three marked points are (0, 1,∞).
Eventually, we will need these useful estimates in the sequel.
Lemma 3.5 (Useful estimates).
Let hε0 be a GFF on D
ε = (12 log ε,∞) × [0, ipi] with free (resp. zero ) boundary conditions on
{ 12 log ε} × [0, ipi] (resp. (12 log ε,∞)× {0, ipi}). Define hε = hε0 − (Q − γ)Re(z) + (Q − γ) log ε
and sample wε under νhε . Then we have the following estimates:
• lim
ε→0
Re(wε)
| log ε|2/3 = 0 in law.
• lim
δ→0
lim
ε→0
Pˆε(Hε|Eεδ (∂H)) = 1,
where Hε = {Aε ≥ −| log ε|2/3}, with Aε the mean value of hε on {Re(wε)} × [0, ipi] and
Eεδ (∂H) = {µhε(∂H) ∈ [e−γδ, eγδ]}.
Proof. By the radial/angular decomposition of the GFF (see [DMS14, Lemma A.3]), the radial
component of hε has same law as B2t−(Q−γ)t+(Q−γ) logε, where (Bt) is a Brownian motion
with B2 12 log ε = 0. Denote by L
ε the (first) location where B2t− (Q−γ)t achieves its maximum.
According to the proof of the previous result, we have that the sequence Lε − Re(wε) is tight,
so in order to get the result it suffices to prove that lim
ε→0
Lε
| log ε|2/3 = 0 in law (this is precisely the
reason why we have chosen to work in the maximal embedding).
We use the notations of [DMS14, Lemma A.4] and define the event F εC that the maximum of
B2t − (Q − γ)t + (Q − γ) log ε is bigger than −C, with the properties that ([DMS14, Lemma
A.4]) for any positive δ and uniformly in ε,
lim
C→+∞
P(F εC |Eεδ ) = 1
P(Eεδ |F εC) > 0
It is therefore enough to show that the result holds for T ε =inf {t ≥ 12 log ε,B2t − (Q − γ)t ≥
−C − (Q− γ) log ε} for any fixed C, when conditioning on F εC .
But by the Markov property for the Brownian motion, T ε has same law as 12 (log ε+ SA) =
1
2
(
log ε+ inf{t ≥ 0, B˜t − at ≥ A}
)
, where a = Q−γ2 , A = −Q−γ2 log ε− C and B˜ is a standard
Brownian motion. The result then follows from [AHS17, Lemma 4.5]:
Conditioned on SA <∞, we have
lim
A→+∞
SA − a−1A
A2/3
= 0
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Thanks to this point we now have that
Pˆε(Hε|Eεδ (∂H))
= Pˆε(B2Re(wε) ≥ (Q− γ)Re(wε)− | log ε|2/3|Eεδ (∂H)) + o(1)
= Pˆε(B2Lε ≥ (Q− γ)Lε − | log ε|2/3|Eεδ (∂H)) + o(1),
which goes to 1 according to [DMS14, Lemma A.4].
4 A limiting procedure for the unit boundary length quan-
tum disk with three log-singularities
In the previous section we have studied two alternative definitions for the unit boundary length
quantum disk and shed light on a procedure giving in the limit the law of one of them: the unit
boundary length quantum disk with three marked points (µDMS , νDMS).
The goal of this section is to show that we can slightly change this scheme to provide similarly
a limiting procedure for the other definition, that is the unit boundary length quantum disk
with three log-singularities (γ, γ, γ) located at (−1, 1,−i), (µHRV , νHRV ). In the last section we
will show that this change in the scheme becomes negligible in the limit, which will yield the
equality in law of the two objects previously exposed.
4.1 Perturbation of the previous scheme
Let us start with the limiting procedure obtained in the previous section:
• We first considered the field hε on Dε
• We conditioned on the event Eεδ (∂H) = {νhε(∂H) ∈ [e−γδ, eγδ]}
• We sampled wε on 1√
ε
D ∩ ∂H according to νhε , where hε had law Pεδ
• We let ε→ 0 and then δ → 0
where Pε refers to the usual law of hε and dPεδ ∝ 1Eεδ(∂H)dPε.
We will consider the modified scheme which consists in sampling wˆε under the weighted prob-
ability measure Pˆεδ defined by dPˆ
ε
δ ∝ νhε(∂H)1Eεδ (∂H)dPε and show that we obtain in the limit
the law of (µUBLHRV , ν
UBL
HRV ).
More precisely, we are going to show in this section that for any F non-negative bounded
continuous (with the topology of weak convergence) functional on the space of measures over H
lim
δ→0
lim
ε→0
E [F (µhε , νhε)|Eεδ (∂H) ∩Hε] =
E
[
F (
µhL
νhL (∂H)
2 ,
νhL
νhL (∂H)
)νahL(∂H)
]
E
[
νahL(∂H)
] (18)
which is the expression defining the law of (µUBLHRV , ν
UBL
HRV ).
4.1.1 Change induced by the perturbation of the procedure
In order to study how this modification of the scheme affects the law of the random measures,
we first recall some basic properties of rooted measures, which consist in considering the law
of the pair (h,w) where h is a distribution on D and w in ∂D under the probability measure
∝ νhε(∂D)dPε.
Studying the marginal and conditional laws of the two variables, the authors in [DMS14, Lemma
A.7] proved that a sample from the weighted law ∝ νhε(∂H)dPε can be produced by:
• First sampling h according to its unweighted law
• Picking z0 independently of h according to its marginal law and then
change h to h + γ2G(z, z0), where G is the Green’s kernel with zero (resp.free) boundary
conditions on ∂Dε (resp. Dε ∩ ∂H).
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With the same arguments as in the proof of the previous result, we can show similarly that
a sampling from the law Pˆεδ can be produced by:
• First sampling h according to its unweighted law
• Picking z0 independently of h according to its marginal law and then
change h to h + γ2G(z, z0), where G is the Green’s kernel with zero (resp.free) boundary
conditions on ∂Dε ∩H (resp. Dε ∩ ∂H).
• Condition on the event Eεδ (∂H)
In the sequel, we will use the conformal transformations between D and H given by
φ−1(z) = i
1 + z
1− z with inverse φ(z) =
z − i
z + i
Notice that for y 6= 1,
GD(φ(z), y) = GH(z, φ
−1(y)) + 2 log |z + i| − 2 log |y − 1| and log |φ′(z)| = −2 log |z + i|
We also define g(z) = − log |z| ∨ 1 and consider the background measure given by
ρ(z) = 1pi
2
|1−z|21z∈[−i,i].
We are now ready to quantify how the modification of the scheme affects the law of the
random measures as follows:
Proposition 4.1 (Approximation by sampling).
Consider H to be the upper half-plane, and denote Dε = 1√
ε
D ∩H.
Consider hε0 to be a GFF on D
ε with zero (resp. free) boundary conditions on ∂B(0, 1√
ε
) ∩ H
(resp. [− 1√
ε
, 1√
ε
]), and define
hε = hε0 +
γ
2
GDε(z, 0) +
1
2
(2Q− γ) log ε
.
Then the law of the random measures obtained when we sample wˆε on 1√
ε
D ∩ ∂H according
to νhε on ∂H under the law Pˆ
ε
δ and conformally map (0, w
ε,∞) to (0, 1,∞) with a Mo¨bius
transform of H are the same as the ones given by
hˆε = hεL +Aε
g(z)
2 log dε
+Aε + rε(z)
on dεD∩H, where hεL is associated to a GFF with log-singularities (γ, γ, γ) at (0, 1,∞), and we
have conditioned on Eεδ (∂H) = {νhˆε(∂H) ∈ [e−γδ, eγδ]}.
In this statement Aε is the mean value of hˆ
ε on D∩H, which is independent of hεL and Gaussian
with mean 2s log dε and variance 2 log dε, rε(z) is of the form fε(z) + λε, where fε is harmonic
and converges uniformly to zero and with lim
ε→0
2 log dε+log ε
| log ε|2/3 = 0 and limε→0
λε
| log ε|2/3 = 0 in law.
Proof. • According to what we have just said, sampling wˆε under the weighted measure is
tantamount to considering the law of the Liouville measure of the field
hε0 +
γ
2
GDε(z, 0) +
γ
2
GDε(z, wˆ
ε) +
2Q− γ
2
log ε
where wˆε is chosen independently of hε from its marginal law.
Now if we consider ψˆ to be a conformal map from D to itself which sends 0 to 0, ∞ to ∞ and
1 to wˆε(that is z 7→ wˆεz), then the law of the pushforward under ψˆ of the Liouville measures of
the previous field is the same as the one of the field on Dˆε := D
1
|wˆε|√ε
hˆε := hˆε0 +
γ
2
(GDε(z, 0) +GDε(z, 1)) +
2Q− γ
2
log ε+Q log |ψˆ′|
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+
γ
2
(
GDε(ψˆ(z), ψˆ(0))−GDε(z, 0) +GDε(ψˆ(z), ψˆ(1))−GDε(z, 1)
)
Using the scaling property for the Green’s functions 17 and the change under Mo¨bius transform
yields
hˆε0 +
γ
2
(GD(z, 0) +GD(z, 1) +
1
2
(2Q− 3γ) log ε+ rˆε(z) +O(log |wε|)
Denote by rε the term rˆε(z)+O(log |wε|). We will show in 4.6 that rε satisfies the assumptions
of the proposition (which also gives lim
ε→0
2 log dε+log ε
| log ε|2/3 = 0 in law).
• Let c be the uniform probability measure on ∂D ∩H, and l to be its pushforward by φ.
Consider the GFF in D with log-singularities (γ, γ, γ) at (−1,−i, 1) and background measure l:
hl − smρ(G(z, ·)) + γ
2
(G(z,−1) +G(z,−i) +G(z, 1)) + C
Taking it back to H according to 3.1 with φ(z) we obtain the field
hL := hc +
γ
2
(G(z, 0) +G(z, 1))− s 1
pi
∫ 1
−1
GH(z, φ
−1(y))|(φ−1)′(y)|2dy
︸ ︷︷ ︸
g(z)
+C˜
Therefore we define its restriction in Dˆε to be:
hˆεL = hˆ
ε
c +
γ
2
(G(z, 0) +G(z, 1))− sg(z) + C˜
• Now by the orthogonal decomposition 2.2 for the GFF we can write
hˆε0 := hˆ
ε
c +
Aε
V ar(Aε)
ξε(z)
where ξε(z) = −2 log |z| ∨ 1 + 2 log dε is as in 2.2, and Aε = (h, ρε) is Gaussian with mean zero
and variance 2 log dε = 2 log
1
|wˆε|√ε .
Eventually we obtain that
hˆε = hˆεL + (Aε + 2s log dε)
log |z| ∨ 1
2 log dε
+ (Aε + 2s log dε) + rε(z)
where dε and rε(z) satisfy the desired hypothesis. To finish the proof, simply take
A˜ε = Aε + 2s log dε which is Gaussian with mean 2s log dε and variance 2 log dε.
4.1.2 Limiting law for the procedure
Now that we have seen how this perturbation affects the law of the measures, we work with the
expression obtained
hˆε = hˆεL +Aε
g(z)
2 log dε
+Aε + rε(z)
and study the limiting object this field gives rise to.
In the following statement, we show that the simpler field
hε := hεL +
Aε
− log εg(z) +Aε
converges weakly in law toward a weighted Gaussian field.
Remark 4.1.1. Notice that hε is not the same as in 4.1 but corresponds to what we denoted
above hˆε, where we have removed the negligible terms 2 log dε+log ε and rε(z). We believe that
by doing so the next proof would be easier to understand.
This proof can be easily adapted (using a conditioning) when we consider
hˆε = hεL +
A˜ε
2 log dε
g(z) + A˜ε + rε instead of h
ε provided that this field satisfies the assumptions
of the previous proposition.
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Proposition 4.2 (Limiting law for the field).
Let hL and g to be defined as in the statement of the previous proposition, and consider Aε to
be Gaussian with mean −s log ε and variance − log ε independent of hL.
Define hε = hεL +
Aε
− log εg(z) +Aε in
1√
ε
D ∩H.
Then there exists (Cεδ )ε,δ>0 such that for any F non-negative bounded continuous (with the
topology of weak convergence) functional on the space of fields over H which is invariant by
adding a constant (F (h) = F (h+ C)) we have
lim
δ→0
lim
ε→0
CεδE
[
F (hε)1Eεδ (∂H)1Hε
]
= E
[
F (hL)ν
a
hL(∂H)
]
(19)
where Eεδ (∂H) = {νhε(∂H) ∈ [e−γδ, eγδ]}, Hε = {Aε ≥ −| log ε|2/3} and a = 2Q−3γγ .
Proof. First define a probability measure by
dQε ∝ exp(s(Aε + s log ε))dPε
Then by Girsanov theorem under this new probability measure Aε remains Gaussian but with
mean zero and same variance, and hεL remains independent of Aε with same law as under P
ε.
Moreover since we condition on the event {νhε(∂H) ∈ [e−γδ, eγδ]} we have
νahεL+Aεg
(∂H) exp(−s(Aε + s log ε)) = 1 + o(1), so proving the result is tantamount to showing
that
lim
δ→0
lim
ε→0
CεδE
Qε
[
F (hε)νa
hεL+
Aε
log ε g
(∂H)1Aεδ(∂H)1Hε
]
= E
[
F (hL)ν
a
hL(∂H)
]
We condition on all the possible values for Aε and write the left-hand side as
Cδε√−2pi log ε
∫
[−| log ε|2/3,| log ε|2/3]
E
[
F (hεL +
x
log ε
g)νahL+ xlog ε g(∂H)1E
ε
δ (x)
]
exp(− x
2
2| log ε| )dx
+
Cδε√−2pi log ε
∫
[| log ε|2/3,∞]
E
[
F (hεL +
x
log ε
g)νahεL+
x
log ε g
(∂H)1Eεδ(x)
]
exp(− x
2
2| log ε|)dx
where 1Eεδ (x) = {νhεL+x/ log εg(∂H) ∈ [eγ(−x−δ), eγ(−x+δ)]}.
If we choose Cδε to be of the form
√−2pi log εf(δ) then the second term goes to zero as ε→ 0:
If a ≤ 0 then E
[
F (hεL +
x
log ε
g)νahεL+ xlog ε g(∂H)1E
ε
δ (x)
]
≤ ||F ||∞E
[
νahεL(D ∩ ∂H)
]
(20)
If a > 0 then E
[
F (hεL +
x
log ε
g)νahεL+
x
log ε g
(∂H)1Eεδ (x)
]
≤ ||F ||∞e−
aγ
2 x
where the first expression is uniformly bounded in ε by Lemma 4.3.
We then show that the first term converges to the right-hand side in the proposition, and for
this we first show that the integrand converges pointwise, that is ∀x ∈ R we have
lim
ε→0
1x∈[−| log ε|2/3,| log ε|2/3]E
[
F (hεL +
x
log ε
g)νahεL+
x
log ε g
(∂H)1Eεδ (x)
]
exp(− x
2
2| log ε| )
= E
[
F (hL)ν
a
hL(∂H)1Eδ(x)
]
and then we use dominated convergence to obtain the result, since by Fubini theorem
∫
R
E
[
F (hL)ν
a
hL(∂H)1Eδ(x)
]
dx = E
[
F (hL()ν
a
hL(∂H)
∫
R
1Eδ(x)dx
]
= 2δ
[
F (hL)ν
a
hL(∂H)
]
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so the constant Cδε has to be
√−2pi log ε
2δ .
For the pointwise convergence we refer to the case where the deterministic sequence is x/ log ε, as
stated in the Lemma 4.3 below while for the dominated convergence we use the same dichotomy
on a as before and make use of the same Lemma 4.3:
According to the expression 20 it is enough to prove when a > 0 that
lim
ε→0
∫ +∞
−∞
E
[
νahεL(∂H ∩ D)1Eεδ (x)
]
dx =
∫ +∞
−∞
lim
ε→0
E
[
νahεL(∂H ∩ D)1Eεδ (x)
]
dx
We have by Fubini theorem (first and third equality) and Lemma 4.3(second and fourth equality)
lim
ε→0
∫ +∞
−∞
E
[
νahεL(∂H ∩ D)1Eεδ (x)
]
dx = lim
ε→0
E
[
νahεL(∂H ∩ D) ((Yε −Xε + 2δ) ∨ 0)
]
= 2δE
[
νahL(∂H ∩ D)
]
where Yε =
1
γ log νhεL−| log ε|−1/3g(z)(∂H) and Xε =
1
γ log νhεL+| log ε|−1/3g(z)(∂H)
=
∫ +∞
−∞
E
[
νahL(∂H ∩D)1Eδ(x)
]
dx =
∫ +∞
−∞
lim
ε→0
E
[
νahεL(∂H ∩ D)1Eεδ (x)
]
Likewise the same applies for E
[
νa
hεL+| log ε|−1/3g(z)
(∂H)1Eδ(x)
]
. Since for a > 0, the integrand
is smaller than ||F ||∞E
[
νa
hεL+| log ε|−1/3g(z)
(∂H)1Eδ(x)
]
, this allows us to conclude the proof.
4.1.3 Convergence of the moments of the Liouville measure
To finish with, we justify the computations that we have made before by giving a convergence
result for the moments of the boundary measure determined by hL.
Lemma 4.3 (Convergence in the qth-moment of the boundary measure for the upper half-plane).
Let c be the uniform probability measure on D ∩H, z0 and z1 be in ∂H and define
hL = h0 +
γ
2
(G(z, z0) +G(z, z1)) +
1
2
(3γ − 2Q)g(z)
to be the field associated to the GFF with log-singularities (γ, γ, γ) in (z0, z1,∞) (see 4.1 with
ε = 1), with the property that g(·) + G(·, zi) is bounded on H \ rD for any r > |zi|. Consider
any deterministic sequence aε with limit 0 as ε goes to zero.
Then the q-moments of νhL+aεg(∂H) for q <
2
γ (Q − γ) converge to the ones of νhL(∂H) as
ε goes to 0. Moreover for any F non-negative bounded continuous (with the topology of weak
convergence) functional on the space of fields over H we have
lim
ε→0
E
[
F (hL + aεg)ν
a
hL+aεg(∂H)
]
= E
[
F (hL)ν
a
hL(∂H)
]
where a = 2Q−3γγ .
Proof. We first show that hL has a moment of order q for q <
2
γ (Q− γ).
This follows from the result [HRV18, Corollary 6.11] in the case of the disk with background mea-
sure ρ0 the uniform one on the boundary, and by observing that z 7→ mρ0(G(z, ·))−mρ(G(z, ·))
is bounded, where ρ is as before. Pushing forward by ψ(z) = z−iz+i yields the result.
Since on each compact of H the law of hL + aεg converges in total variation to that of hL,
we have that νhL+aεg converges in total variation to νhL as ε → 0 on each compact subset. It
is therefore enough to show that we have a convergence in the q-th moment of the boundary
measure.
First consider q < 0. In that case we have
E
[
νqhL+aεg(∂H)
]
≤ E
[
νqhL+aεg(∂H ∩ D)
]
≤ CE [νqhL(∂H ∩ D)]
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and likewise
E
[
νqhL+aεg(∂H \RD)
]
≤ ecqRE [νqhL(∂H)]
for ε small enough so that aε < c.
Assume now that 0 < q < 2γ (Q− γ) and denote for r >max (1, |z1|, |z2|),
An = ∂B(0, re
n) ∩ ∂H \ ∂B(0, ren−1) ∩ ∂H. Then for ε small enough we have
E
[
νqhL+aεg(An)
]
≤ Ce−nb
for some positive constants C and b:
To see this, let c be such that q < 2γ (Q − γ − c) and ε > 0 such that aε < c. We decompose
h0 = hr + ha between radial and angular parts, where (hr(e
−t))t∈R as same law as a two-sided
Brownian Motion (B2t)t∈R, and hr and ha are independent (see [DMS14] for details).
Then by definition of νh we have E
[
νqhL+aεg(An)
]
=
lim
δ→0
E
[(∫
An
δγ
2/4e
γ
2 (hr(z)+h
δ
a(z)+
γ
2 (G(z,z0)+G(z,z1))+(3/2γ−Q)g(z)+aεg(z))dz
)q]
≤ C˜E
[
e−nq
γ
2 (Q−γ−c)+q γ2 sn
]
lim
δ→0
E
[(∫
An
1
|z|q γ2 δ
γ2/4e
γ
2 h
δ
a(z)dz
)q]
where sn = sup
t∈[2(n−1),2n]
Bt and C˜ absorbs r
−q γ2 , the constant order γ2 (G(z, z0)+G(z, z1))+γg(z)
and the difference between log |z| ∨ 1 and log |z|.
On the one hand, by the Markov property for the Brownian Motion,
E
[
e−nq
γ
2 (Q−γ−c)+q γ2 sn
] ≤ Ce−n γ24 q( 2γ (Q−γ−c)−q)
where γ
2
4 q(
2
γ (Q− γ − c)− q) is positive by assumption.
On the other hand, by Kahane convexity inequality (see [RV14, Theorem 2.1] or [DMS14,
Lemma 5.4] for details) we have that the q-th moments of νhL(An) are bounded uniformly in n
for q < 4γ2 (which occurs since
2
γ (Q− γ) < 4γ2 ) so we get
E
[(∫
An
1
|z|γQ δ
γ2/2eγh
δ
a(z)dz
)q]
≤ cqe−nγqQ. This allows us to conclude.
Therefore we obtain that:
E
[
νqhL+aεg(∂H)
]
= E

(νhL(∂H ∩ rD) +∑
n≥0
νahL+aεg(An))
q


is uniformly bounded for ε small enough, and that
lim
R→∞
lim sup
ε→0
E
[
νqhL+aεg(∂H \RD)
]
= lim
n→∞
lim sup
ε→0
E

(∑
k≥n
νahL+aεg(Ak))
q

 = 0
The same applies for q < 0 as we have seen before.
This allows us to conclude that for any q < 2γ (Q− γ) we have
lim
ε→0
E
[
F (hL + aεg)ν
q
hL+aεg
(∂H)
]
= E
[
F (hL)ν
q
hL
(∂H)
]
Eventually it suffices to notice that a = 2Q−3γγ <
2
γ (Q− γ).
With the same proof, the analog result for the inside measure remains true, provided that
we have chosen z1 in H, considered a =
Q−3γ/2
γ and q <
1
γ (Q− γ) (the factor 2 accounts for the
fact that we consider the bulk measure instead of the boundary measure).
In order to obtain a result that can fit in the setting of the previous proposition, we state here
a result that can be found in [MS17], in the case of the whole-plane GFF. Using the odd/even
decomposition of the whole-plane GFF also provides the same result for the GFF in the upper
half-plane with free boundary conditions.
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Proposition 4.4.
Assume that Dn = rnD∩H and define hn to be a GFF with zero (resp. free) boundary conditions
on ∂B(0, rn) ∩H (resp. [−rn, rn]).
Then on any bounded subset D the total variational distance between the law of hn and h
restricted to D goes to zero as n→ +∞, where h is the GFF on H with free boundary conditions.
Remark 4.4.1. Thanks to this result, we can assume that in Lemma 4.3 we were working with
hεL = h
ε
c +
γ
2
(G(z, z0) +G(z, z1)) +
1
2
(3γ − 2Q)g(z)
instead of hL and obtain the same limiting result, where h
ε
c is a GFF on dεD ∩ H with zero
(resp. free) boundary conditions on ∂B(0, dε)∩H (resp. [−dε, dε]), with mean zero on D∩H and
rε → +∞. The only change that occurs in the proof is that instead of evolving as a two-sided
Brownian motion, the radial component of the field evolves as a standard Brownian motion
started from log dε, and the estimates remain the same.
4.2 Approximation result for the unit boundary length quantum disk
with three log-singularities
Combining the previous statements yields the following result, which provides us with a limiting
construction for the unit boundary length quantum disk with three log-singularities thanks to
a procedure very similar to the one obtained for the unit boundary length quantum disk with
three marked points.
Theorem 4.5 (Approximation result for the unit boundary length quantum disk with three
log-singularities).
Denote Dε = 1√
ε
D ∩ H and let hε0 be a GFF on Dε with zero (resp. free) boundary conditions
on ∂B(0, 1√
ε
)D ∩H (resp. [− 1√
ε
, 1√
ε
]).
Also define µhε , νhε to be the two Liouville area measures obtained when we consider
hε = hε0 +
1
2
(2Q− γ) log ε+ γ
2
GDε(z, 0)
and sample wˆε on 1√
ε
D ∩ ∂H according to νhε under the probability measure ∝ νhε(∂H)dPε.
Then (µhε , νhε) conditioned on the event E
ε
δ (∂H) converges weakly in law to
(µUBLHRV , ν
UBL
HRV ) as ε goes to zero and then δ goes to zero, where (µ
UBL
HRV , ν
UBL
HRV ) is the unit boundary
length quantum disk described by 14 with log-singularities (γ, γ, γ) at (0, 1,∞).
Proof. Recall that the law of the unit boundary length quantum disk is given by 14:
E
[
F (µUBLHRV , ν
UBL
HRV )
]
=
E
[
F (
µhL
νhL (∂D)
2 ,
νhL
νhL (∂D)
)νhL(∂D)
− 2sγ
]
E
[
νhL(∂D)
− 2sγ
]
This law is described by a random variable of the form G(hL) under the probability measure
∝ νhL(∂H)a, where G only depends on hL− 2γ log νhL(∂H). We can therefore apply the previous
results to obtain that for any bounded, continuous functional on the space of measures on H×∂H
we have lim
δ→0
lim
ε→0
E [F (µhε , νhε)|Eεδ (∂H) ∩Hε]
= lim
δ→0
lim
ε→0
E
[
F ( µhενhε (∂H)2 ,
νhε
νhε (∂H)
)|Eεδ (∂H) ∩Hε
]
as we condition on νhε(∂H) ∈ {e−γδ, eγδ}
=
E
[
F (
µhL
νhL
(∂H)2
,
νhL
νhL
(∂H)
)νahL
(∂H)
]
E
[
νahL
(∂H)
] according to 4.2
= E
[
F (µUBLHRV , ν
UBL
HRV )
]
But we have conditioned here on the event Eεδ (∂H) ∩ Hε, so to prove the result it remains to
show that lim
δ→0
lim
ε→0
Pˆε(Hε|Eεδ (∂H)) = 1 which is in the statement of Lemma 4.6. This concludes
the proof.
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We have described before two similar limiting procedures whose only difference between
them was that in the DMS approach, we sampled from the law of hε under the usual probability
measure Pε, while in the HRV approach we sampled from the law of hε under the weighted
probability measure dPˆε ∝ νhε(∂H)dPε. This difference becoming negligible in the limit, we can
adapt the result of Lemma 3.5 to the HRV approach:
Lemma 4.6.
In the setting of the previous statement we have the following estimates:
• lim
ε→0
log |wˆε|
| log ε|2/3 = 0 in law.
• lim
δ→0
lim
ε→0
Pˆε(Hε|Eεδ (∂H)) = 1
Proof. Thanks to the conformal mapping ψ−1 : z 7→ ipi − log z, we work in S with hε =
hε0 − (Q − γ)Re(z) + (Q − γ) log ε as in 3.5, and wˆε is sent to ipi − log wˆε, whose real part is
precisely − log |wˆε|.
The first point then follows from the result 3.5 since the total variation distance between the
law of wˆε and wε sampled according to hε in S goes to zero.
For the second point, we have to show the result for the mean value of hˆε0−s log ε on {0}× [0, ipi],
where Dˆε = (log
√
ε|wˆε|,∞)× [0, ipi].
Observe that thanks to the first point, we have that on {0}× [0, ipi] hˆε = hˆε0−s log ε+o(|logε|2/3)
with probability 1−o(1), so it is enough to prove the result for the mean value of hˆε on {0}×[0, ipi],
and likewise with hε on {log |wˆε|} × [0, ipi].
Since the total variation distance between the two procedures becomes negligible in the limit,
we can work in the setting of [DMS14], and consider the mean value of hε on {log |wε|}× [0, ipi]:
we are in the framework of 3.5.
5 Equivalence between the two definitions
In this last section we eventually show that the two definitions that has been given to describe
the unit boundary length quantum disk actually coincide in the sense of Theorem 1.1. We also
give an alternative statement when we consider a slightly different framework, in which we work
with the unit boundary length quantum disk which has one marked point in the bulk and one
point on the boundary instead of three points on the boundary. In other words we consider a
different way of fixing a conformal structure on the disk.
5.1 Three marked points on the boundary
Theorem 5.1 (Equivalence of the perpectives).
Consider D to be the unit disk and let (z1, z2, z3) be distinct points on its boundary.
Let (µUBLHRV , ν
UBL
HRV ) be the unit boundary length quantum disk with three log-singularities (γ, γ, γ)
at (z1, z2, z3).
Likewise consider (µUBLDMS , ν
UBL
DMS) to be the unit boundary length quantum disk with three marked
points embedded into D so that the marked points are (z1, z2, z3).
Then (µUBLHRV , ν
UBL
HRV ) and (µ
UBL
DMS , ν
UBL
DMS) have same law.
Proof. We have described in the last two sections two procedures giving in the limit the law of
the unit boundary length quantum disk with three marked points (3.4) and three log-singularities
(4.5). However the total variation distance between these two procedures when conditioned on
Eδε (∂H) goes to zero as δ goes to zero, so they must give in the limit the same law. Therefore
the result is true when we have chosen (z1, z2, z3) to be precisely (−1,−i, 1).
However, since for any distinct points (z1, z2, z3) in the boundary of the disk we can find a
conformal mapping ϕ sending it to (1,−1,−i), and since the law of the unit boundary length
quantum disk with three log-singularities and the law of the unit boundary quantum disk with
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three marked points are invariant under conformal mapping, the result obtained can be extended
to the setting of Theorem 1.1.
5.2 A different framework
The previous result shows the equivalence between two definitions of the unit boundary length
quantum disk in the case where the conformal structure is fixed by the choice of three points on
the boundary. However, we could have also decided to fix the conformal structure by chosing
one point on the boundary and one point in the bulk of the domain.
In this setting, we define the unit boundary length quantum disk with two marked points to
be described as follows:
• Consider h to be the random field on S with law M as in 3.2.1, with two marked points
−∞, +∞.
• Sample one point w in the bulk of S according to µh under the weighted law ∝ µh(S)dM
and conformally map (w,∞) to (ipi2 ,∞) with a Mo¨bius transform of S (we do not keep
track of −∞ anymore). Denote the law of the corresponding field by h˜.
• The unit boundary length quantum disk with two marked points is the law on quantum
surfaces with representative (S, h˜, ipi2 ,+∞).
In this setting, we can adapt the previous strategy of proof to obtain similar results.
Theorem 5.2 (Equivalence for two marked points).
Consider D to be the unit disk and let z1 be on its boundary, z2 be in its bulk.
Let (µUBLHRV , ν
UBL
HRV ) be the unit boundary length quantum disk with log-singularities (γ, γ) on
(z1, z2).
Likewise consider (µUBLDMS , ν
UBL
DMS) to be the unit boundary length quantum disk with two marked
points embedded into D so that the marked points are (z1, z2).
Then (µUBLHRV , ν
UBL
HRV ) and (µ
UBL
DMS , ν
UBL
DMS) have same law.
We also provide a statement in terms of quantum surfaces:
Corollary 5.3 (Equivalence for two marked points, alternative formulation).
Consider D to be the unit disk and let z1 be on its boundary, z2 be in its bulk.
Let hL = h0−γ log |z−z1|−γ log (|z − z2||1− zz∗2 |) where h0 is a GFF on D with free boundary
conditions and mean zero on ∂D, and let h∗ to be the law of the field hL − 1γ logµhL(∂D) under
the weighted probability measure ∝ µhL(D)
Q−3γ/2
γ dP.
Then the quantum surface (D, hL, z1, z2) has the law of the unit boundary length quantum disk
with two marked points.
The proof relies on the same arguments as in the previous statement. We show here how
the previous results are to be modified in order to adapt the proof to this setting.
From [DMS14, Proposition A.1] we raise the limiting procedure for the DMS approach:
Proposition 5.4 (Limiting procedure for the unit boundary length quantum disk with marked
points (i,∞)).
Denote Dε = 1√
ε
D∩H and let hε0 to be a GFF on Dε with zero (resp. free) boundary conditions
on ∂B(0, 1√
ε
) ∩H (resp. [− 1√
ε
, 1√
ε
]). Define the field on Dε
hε = hε0 +
1
2
(2Q− γ) log ε
Condition on the event Eεδ (H) = {µhε(H) ∈ [e−γδ, eγδ]}, sample wε on 1√εD ∩ H according to
the law of µhε and conformally map (w
ε,∞) to (i,∞) with a Mo¨bius transform of H.
Then, when we let ε→ 0 and then δ → 0, the corresponding Liouville Quantum Gravity measures
converge weakly in law to that of the unit boundary length quantum disk with two marked points
embedded in H so that the marked points are (i,∞).
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We then have the same estimates as in 3.5, and the similar property for the HRV approach:
Proposition 5.5 (Approximation by sampling in the bulk).
Consider H to be the upper half-plane, denote Dε = 1√
ε
D ∩ H and let hε0 be a GFF on Dε with
zero (resp. free) boundary conditions on ∂B(0, 1√
ε
) ∩H (resp. [− 1√
ε
, 1√
ε
]). Define
hε = hε0 +
1
2
(2Q− γ) log ε
.
Then the law of the random measures obtained when we sample wε on Dε according to the
law of µhε under the weighted measure ∝ µhε(Dε)dPε and conformally map (wε,∞) to (i,∞)
with a Mo¨bius transform of H are the same as the ones given by
hˆε = hεL +Aε
g(z)
2 log dε
+Aε + rε(z)
on dεD ∩ H, where hεL is associated to a GFF with log-singularities (γ, γ) at (i,∞), and the
setting is the same as in 4.1.
Proof. We apply [DMS14, Lemma A.10] to obtain that a sampling can be performed by taking
wε according to its marginal law and adding γGDε(z, w
ε) to the field. The result then follows
from the same proof as in 4.1.
The rest of the reasoning remains the same (limiting law of the procedure and convergence
of the moments) and yields the following approximation result for the unit boundary length
quantum disk with two log-singularities (i,∞):
Theorem 5.6 (Approximation result for the unit boundary length quantum disk with two
log-singularities).
Consider H to be the upper half-plane and denote Dε = 1√
ε
D ∩H. Let hε0 be a GFF on Dε with
zero (resp. free) boundary conditions on ∂B(0, 1√
ε
) ∩H (resp. [− 1√
ε
, 1√
ε
]).
Also define µhε , νhε to be the Liouville Quantum Gravity measures obtained from the field
hε = hε0 +
1
2
(2Q− γ) log ε
and sample wˆε on 1√
ε
D ∩ ∂H according to µhε under the probability measure ∝ µhε(H)dPε.
Then (µhε , νhε) conditioned on the event E
ε
δ (∂H) converges weakly in law to
(µUBLHRV , ν
UBL
HRV ) as ε goes to zero and then δ goes to zero, where (µ
UBL
HRV , ν
UBL
HRV ) is the unit boundary
length quantum disk described by 14 with log-singularities (γ, γ) on (i,∞).
The equivalence between the two definitions then follows.
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